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Abstract
The structure of heterotic string target space compactifications is studied using
the formalism of the noncommutative geometry associated with lattice vertex
operator algebras. The spectral triples of the noncommutative spacetimes are
constructed and used to show that the intrinsic gauge field degrees of free-
dom disappear in the low-energy sectors of these spacetimes. The quantum
geometry is thereby determined in much the same way as for ordinary super-
string target spaces. In this setting, non-abelian gauge theories on the classical
spacetimes arise from the K-theory of the effective target spaces.
The description of spacetime at very short distance scales where the effects of quantum
gravity become important is a complex problem. The conventional ideas of geometry and
general relativity are expected to break down at scales of the order of the Planck length
of the spacetime, so that one can anticipate very different physics in this regime. Target
space duality in string theory (see [1] for a review) implies that very small distances are
unobservable and leads to the notion of quantum geometry which is the modification of
ordinary, classical geometry suitable for the physics implied by string theory. A natural
tool to explore these ideas is noncommutative geometry [2]. In this approach, spacetime
is described by the spectral triple T = (A,H, D), where A is a ∗-algebra of bounded
operators acting on a separable Hilbert space H, and D is an appropriately defined gen-
eralized Dirac operator on H which defines a metric on the spacetime. A Riemannian
spin manifold M is reconstructed by choosing the abelian ∗-algebra A = C∞(M,C) of
smooth complex-valued functions on M which acts on the Hilbert space H = L2(M,S) of
square-integrable spinors on M by pointwise multiplication. The Riemannian geometry
of the manifold is then described by the usual Dirac operator D = i∇/ whose square is the
inverse of the invariant line element of M .
Compactifications of string theory have been described in [3]–[8] using this formalism
based on the noncommutative space constructed from the ∗-algebra of worldsheet vertex
operators. These spaces naturally encode the quantum geometry implied by string dual-
ity. An effective spectral action for superstring oscillatory modes has been constructed
in [4] and a manifestly duality-symmetric action for the low-energy modes in [8]. In
this paper we will apply this formalism to describe some aspects of the effective target
space geometry associated with a heterotic string theory [9]–[11]. Heterotic strings are
characterized by the fact that they are chiral and their left-moving sector describes the
usual superstrings, while their right-moving sector is non-supersymmetric and contains
a coupling of extra internal bosonic fields to gauge degrees of freedom. This gives a
natural way of introducing non-abelian gauge symmetry into the noncommutative string
spacetime by a sort of Kaluza-Klein mechanism. After constructing the spectral triple T
naturally associated to a heterotic string compactification,1 we shall examine the large
distance limit of the geometry and show that the internal gauge degrees of freedom are
unobservable with the same effective classical spacetime as in the case of the ordinary
superstring arising. In particular, the quantum geometry relates the same inequivalent
classical spacetimes. This is in some contrast to the expectations from string theory
[11] in which the low-energy effective theory is altered by the presence of internal gauge
degrees of freedom. We will show that the latter effects automatically turn the compact-
ification into a finite-dimensional noncommutative space, so that the internal modes of
1One should also introduce a Z2 grading and a real structure which define, respectively, a
Hochschild cycle and a Poincare´ dual for the geometry. The even real spectral triples associated
with lattice vertex operator algebras are described in detail in [5, 8]. In the following we shall
only need the first three basic elements of T .
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the strings describe very small wrapped directions of the effective spacetime. We will also
see that these internal degrees of freedom are observable in the classical spacetime when
one considers gauge theories as induced by noncommutative K-theory. The latter struc-
ture illuminates the manner in which the gauge field modes curl up into very small extra
dimensions to form a noncommutative space at very short distances but are nevertheless
observable in the physics of the macroscopic spacetime.
We consider closed string propagation on a d-dimensional torus T d = Rd/2πΛ, where
Λ is a Euclidean lattice of rank d with metric Gmn and antisymmetric tensor Bmn. We are
interested in vacuum spacetime configurations, and so we shall always take the background
fields to be constant. We fix a basis em of Λ. The winding numbers w
mem of the strings
wrapping around the cycles of the torus live in Λ while their momenta pme
m lie in the dual
lattice Λ∗, which has basis em dual to em and metric Gmn with GmnGnl = δml , and label
string windings around the cycles of the dual torus T d∗ = R
d/2πΛ∗. The internal gauge
degrees of freedom of the string are described by a simply-laced finite-dimensional Lie
group G. The root lattice ΓG of G is an even self-dual Euclidean lattice of rank 8k whose
non-zero roots all have length
√
2.2 It has constant metric GMN and antisymmetric tensor
BMN .
3 We fix a basis eM of ΓG . The constant gauge fields on the strings are given by
maps A : ΓG → Λ∗ whose lattice frame components are A = ANm em⊗eN . The strings wrap
around the cycles of the isospin space T 8k = R8k/2πΓG with winding number wMeM ∈ ΓG
and momentum pMe
M ∈ ΓG.
The Narain lattice [10] is defined as
ΛN = Λ
∗ ⊕ Λ⊕ ΓG ⊕ ΓG (1)
On (1) we define a Z-bilinear form 〈·, ·〉 with respect to the standard basis by 〈em, en〉 =
2Gmn, 〈eM , eN〉 = 2GMN , and 〈em, eN 〉 = 0. With this definition ΛN is an even self-dual
Lorentzian lattice of rank 2d+16k which can be thought of as defining a (d+8k, d+8k)
dimensional Lorentzian torus T d × T d∗ × T 8k × T 8k = Rd+8k × Rd+8k/2πΛN. We will use
the basis
uµ =
(
em +
1
2
ALmeL
)
⊕ eM (2)
of Λ⊕ ΓG whose dual basis is
uµ = em ⊕
(
−1
2
AMm e
m + eM
)
(3)
2G is therefore some combination of SO(2n), SU(n), E6, E7 or E8. In the standard construc-
tion of the heterotic string, k = 2 and there are two unique root lattices Γ8 ⊕ Γ8 and Γ16 of the
groups E8 × E8 and Spin(32)/Z2, respectively.
3In this paper lower case Latin indices m = 1, . . . , d label components in Λ, upper case Latin
indices M = 1, . . . , 8k the components in ΓG , and Greek indices µ = 1, . . . , d + 8k label the
directions of Λ ⊕ ΓG and Λ∗ ⊕ ΓG . An implicit sum over repeated upper and lower indices is
always assumed, with indices raised and lowered by the appropriate metric.
2
With respect to the basis uµ ⊕ uν , the metric tensor of (1) is 2gµν ⊕ 2gλρ and the anti-
symmetric tensor is 2βµν ⊕ 2βλρ, where
gµν =
( (
G+ 1
4
AL ⊗AL
)
mn
1
2
AmN
1
2
AMn GMN
)
, βµν =
(
Bmn
1
2
AmN
−1
2
AMn BMN
)
(4)
The background matrices are then defined as d±µν = gµν ±βµν , so that d+MN coincides with
the Cartan matrix of G.
Given the left and right chiral momenta p±µ =
1√
2
(pµ ± d±µνwν) with respect to the
standard basis of ΛN, we define a mapping P : ΛN → ΛN by
P{p±µ } = P{p±l } ⊕ P{p±L} = uν p±ν (5)
The Narain lattice vectors (5) can be written in terms of the standard basis of ΛN as
P{p+l } =
[
pm + w
n
(
G+B − 1
4
AL ⊗AL
)
nm
− 1
2
(
pN + w
M(G+B)MN
)
ANm
]
em
(6)
P{p+L} =
[
pN + w
M(G+B)MN + ANnw
n
]
eN (7)
P{p−l } =
[
pm − wn
(
G− B − 1
4
AL ⊗ AL
)
nm
− 1
2
(
pN + w
M(G+B)MN
)
ANm
]
em
(8)
P{p−L} =
[
pN − wM(G−B)MN
]
eN (9)
We see that with the phase space constraints
pN = d
−
MN w
M (10)
the right-moving modes (9) of the isospin space vanish. With this truncation of modes,
the vectors (6)–(8) generate the (d+ 8k, d) dimensional even self-dual Lorentzian lattice
Π−ΛN = Λ∗ ⊕ Λ⊕ ΓG (11)
where Π− is the orthogonal projection onto the subspace defined by (10). The lattice (11)
defines the heterotic string compactification which is isomorphic to T d × T d∗ × T 8k.
The spectral geometry of the heterotic string spacetime can now be constructed using
the truncation method above. Namely, we may use the construction of [5] to construct a
spectral triple for the ordinary bosonic string spacetime determined by the Narain lattice
(1), and then we project onto the chiral heterotic subspace using the projection operator
Π−. The classical embedding functions corresponding to the heterotic lattice (11) are in
this way given by the mode expansions
Xν+(z+) = x
ν
+ + i
〈
uν , P{p+µ }
〉
log z+ +
∑
k 6=0
1
ik
α
(+)ν
k z
−k
+ (12)
Xn−(z−) = x
n
− + i
〈
un , P{p−m}
〉
log z− +
∑
k 6=0
1
ik
α
(−)n
k z
−k
− (13)
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where xm± ∈ T d × T d∗ , xM+ ∈ T 8k, z± = e−i(τ±σ) and (τ, σ) ∈ R × S1. Upon quantization
the position and momentum zero modes x± and p± form a canonically conjugate pair in
each chiral sector, while the oscillator modes generate the standard Heisenberg algebras
with respect to the metric gµν in the left moving sector and with respect to gmn in the
right moving sector. Fixing spin structures on the tori, the zero modes act on spaces of
square integrable spinors while the non-zero modes act on a mutually commuting pair of
Fock spaces F±. The operators (12) and (13) therefore act on the Hilbert space
H = L2(T d × T d∗ , S)⊗C L2(T 8k, SG)⊗F+{α(+)µk } ⊗ F−{α(−)mk } (14)
where S → T d × T d∗ and SG → T 8k are the respective spin bundles. The spinor module
S = C∞(T d×T d∗ , S) is a dense subspace of L2(T d×T d∗ , S) which has a natural Z2-grading
S = S+ ⊕ S− coming from the chirality grading of the corresponding Clifford bundle
that acts irreducibly on S. This grading splits the Hilbert space (14) orthogonally into
chiral and antichiral subspaces as H = H+ ⊕ H−. The module S thereby carries an
irreducible representation of the double toroidal Clifford algebra {γ±m, γ±n } = ±2gmn (with
all other anticommutators vanishing). We shall take all gamma-matrices to be Hermitian.
Likewise, SG = C∞(T 8k, SG) is a dense subspace of L2(T 8k, SG) which carries an irreducible
representation of the Clifford algebra {γM , γN} = 2GMN of the internal space T 8k.
We may now construct an appropriate ∗-algebra for the noncommutative heterotic
spacetime. The necessary algebra is the vertex operator algebra A which acts densely on
(14) and diagonally with respect to its chirality decomposition, and is constructed using
the operator-state correspondence. Given q±m =
1√
2
(qm ± d±mµvµ) ∈ Λ∗ ⊕ Λ and K ∈ ΓG ,
the ∗-algebra A is generated by the basic tachyon vertex operators4
Vq+q−(z+, z−) = cq+q−{p+n , p−l } ◦◦ e−iq
+
mX
m
+
(z+)−iq−mXm− (z−) ◦◦ (15)
EK(z+) = cK{p+N} ◦◦ e−iKMX
M
+
(z+) ◦
◦ (16)
where ◦◦ · ◦◦ denotes the standard Wick normal ordering of operators. The vertex opera-
tors (15) are the usual ones for toroidal compactifications with the operator-valued phases
cq+q−{p+n , p−l } = eiπqmwm. In the purely bosonic case, they generate the inner automor-
phism group of the vertex operator algebra which is generically an enhancement of the
affine U(1)d+ × U(1)d− gauge symmetry of the string spacetime [7]. In the heterotic case,
the interesting new feature which arises are the vertex operators (16) associated with the
isospin space. The cocycles cK{p+N} in (16) are defined by expanding the internal lattice
vector KM = kN(e
N)M in a basis of ΓG , with kN ∈ Z, and defining an ordered product
⋆ : ΓG × ΓG → Z by
K ⋆K ′ =
∑
N>M
GLP kNk
′
M (e
N)L(e
M )P (17)
4Note that the operators (15) and (16) are unbounded on H and should be more precisely
defined, for instance by the usual quantum field theoretical smearing [6] or alternatively by the
cutoff definition introduced in [8].
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Then the operator-valued one-cocycles are defined as
cK{p+N} = eiπ p
+⋆K (18)
and they generate the algebra
cK{p+N −K ′N} cK ′{p+N} = ε(K,K ′) cK+K ′{p+N} (19)
where
ε(K,K ′) = eiπ K⋆K
′
(20)
is a Z2-valued two-cocycle of the root lattice of G. It follows that the operators
HM(z+) = −iz+ ∂z+XM+ (z+) =
∞∑
k=−∞
α
(+)M
k z
−k
+ with α
(+)M
0 = g
Mµ p+µ (21)
and EK(z+) for K ∈ ΓG generate a level 1 representation of the current algebra associated
with the Lie group G in the Chevalley basis [9, 12]. Thus the internal gauge symmetry of
the strings is also represented as an inner automorphism of the heterotic spacetime.
The final ingredient we require are the Dirac operators. The guiding principle in
constructing them [3]–[6],[13, 14] is to find an appropriate supersymmetric extension of
the underlying field theory and to take the Dirac operators to be the projections of the
corresponding supercharges onto the fermionic zero-modes in the Ramond sector of the
model. This relates the Dirac operators to the generators of target space reparametrization
symmetries. In the case at hand, the right-moving sector of the underlying worldsheet
sigma-model is supersymmetric, and so we only need to supersymmetrize the left-moving
sector. This is tantamount to considering more symmetric background matrices
d˜+µν ≡ g˜µν + β˜µν =
( (
G+ 1
4
AL ⊗ AL
)
mn
+Bmn AmN
AMn GMN +BMN
)
(22)
of the Narain lattice (1) representing the addition of left-moving fermion fields. The
corresponding N = 1 supercharges are then
Q±(z±) = − i√2 g˜µν ψ
µ
±(z±) ∂z±X
ν
±(z±) (23)
where ψµ±(z±) are Majorana-Weyl spinor fields. Upon quantization, the fermionic zero-
modes of the Ramond sector of the worldsheet theory may be identified with Dirac algebra
generators as ψ
(0)m
± =
√
2 g˜mnγ±n and ψ
(0)M
+ =
√
2 g˜MNγN . If Π
(0)
R denotes the correspond-
ing projection operator acting on the Hilbert space of the supersymmetric sigma-model,
then the Dirac operators are defined by
D/ +(z+) ≡ Π−Π(0)R Q+(z+) Π(0)R Π− = γM ⊗HM(z+) +
∞∑
k=−∞
γ+m ⊗ α(+)mk z−k+ (24)
D/ −(z−) ≡ Π−Π(0)R Q−(z−) Π(0)R Π− =
∞∑
k=−∞
γ−m ⊗ α(−)mk z−k− (25)
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where α
(±)m
0 = g
mµ p±µ . These Dirac operators are associated with the conserved currents
of the diffeomorphism symmetry of the effective target space T d×T d∗ ×T 8k. We shall use
the chirally symmetric and antisymmetric combinations D/ = D/++D/ − and D/ = D/ +−D/ −.
The noncommutative geometry of the heterotic string spacetime is then encoded in the
spectral triples (A,H, D/ ) and (A,H, D/ ).
The first feature of the heterotic spectral triples we shall explore is the emergence
of classical spacetime. This arises from the kernel of the given Dirac operator [5], which
defines the low-energy projection of the string background such that the spacetime is given
as a special case of the spectral action principle of noncommutative geometry [14, 15].
After some algebra it can be shown that these kernels each decompose into 2d subspaces
of the Hilbert space H according to
kerD/ ∼=
[
d⊗
m=1
(
H(m)+ ⊕H(m)−
)]
⊗Hint (26)
kerD/ ∼=
[
d⊗
m=1
(
H(m)+ ⊕H(m)−
)]
⊗Hint (27)
The subspace Hint = ⊗M kerHM is defined by the zero modes of the Cartan generators
of the internal gauge symmetry. It consists of the projection of all Fock states onto the
vacuum, and from the constraint (10) it follows that its L2 states have the quantum
number restrictions[
δMN +
1
4
(
Al ⊗ Al
)M
N
]
wN = −1
4
AMn
[
pn +
(
G+B + 1
4
AL ⊗ AL
)
nm
wm
]
(28)
The chiral and antichiral subspaces H(m)± are defined for each m = 1, . . . , d by again
projecting onto the Fock vacuum (thereby suppressing the oscillatory modes of the strings)
and by imposing conditions on the spinor representations defined via the actions on them
by the gamma-matrices. After some algebra we find that these conditions are equivalent,
respectively, to L2 quantum number constraints as gmνd+νλγ
+
m = g
mνd−νλγ
−
m ⇐⇒ pm = 0
and γ+m = −γ−m ⇐⇒ wm = 0. Similarly, in H(m)± we find, respectively, the analogous
conditions γ+m = γ
−
m ⇐⇒ wm = 0 and gmνd+νλγ+m = −gmνd−νλγ−m ⇐⇒ pm = 0. It is
straightforward to see that these conditions imply that
pM = w
M = 0 ∀M = 1, . . . , 8k (29)
and so the internal string windings corresponding to the gauge degrees of freedom are
suppressed. Defining
γ˜±m ≡ Gln
(
G± B ∓ 1
4
AL ⊗ AL
)
nm
γ±l (30)
we then have γ˜+m = γ˜
−
m in H(m)+ and γ˜+m = −γ˜−m in H(m)− .
The various subspaces in (26) and (27) are all isomorphic and correspond to different
choices of spin structure on the d-tori [5], for example the isomorphism H(m)+ ↔ H(n)− is
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given by γ˜±m ↔ ±γ±n . They define classical spacetimes represented by low-energy spectral
triples. Let us fix the completely antichiral subspace
H(−)0 = H(1)− ⊗ · · · ⊗ H(d)− (31)
of (26). In this subspace the spinors are antiperiodic along the elements of a homology
basis so that the associated spin bundle is completely twisted, γ+m = −γ−m ≡ σm, and
wm = 0, for all m = 1, . . . , d. Let Π
(−)
0 : H → H(−)0 be the corresponding orthogonal
projection. From (28) and (29) it then follows that the internal gauge degrees of freedom
of the string vanish,
AMm = 0 (32)
According to the operator-state correspondence, the subalgebra of vertex operators acting
on (31) is given by the projection of the commutant of D/ in A,
A(−)0 = Π(−)0
(
EndD/ A
)
Π
(−)
0 (33)
which is the largest subalgebra of A with the property A(−)0 H(−)0 = H(−)0 . Since
Π
(−)
0
[
D/ , I⊗ Vq+q−
]
Π
(−)
0 = g
mn σm ⊗
(
q+n − q−n
)
Π
(−)
0 Vq+q− Π
(−)
0 (34)
Π
(−)
0
[
D/ , I⊗ EK
]
Π
(−)
0 = g
MN γM ⊗KN Π(−)0 EK Π(−)0 (35)
it follows that the generators of (33) have zero oscillatory modes, zero internal momentum
KN = 0 ∀N and zero winding numbers vm = 0 ∀m. It also implies that all internal
momentum and winding modes vanish, qM = v
M = 0 ∀M . We therefore have an isomor-
phism A(−)0 ∼= C∞(T d,C) of ∗-algebras. Furthermore, it is straightforward to compute
the restriction of the Dirac operator D/ to (31) to find
i ∂/ ≡ D/ Π(−)0 = −i Gmn σm ⊗ ∂∂xn (36)
where xm = 1√
2
(xm+ + x
m
− ) ∈ T d.
This shows that the low-energy projection of the spectral triple associated with the
Dirac operator D/ is given by
(
A(−)0 , H(−)0 , D/ Π(−)0
)
∼=
(
C∞(T d,C) , L2(T d, S−) , i ∂/
)
(37)
where S− → T d is the spin bundle defined by the projection onto the spinor boundary
conditions of (31). The spectral triple (37) describes the ordinary manifold T d with its flat
metric Gmn. Naively, one expects [11] the low-energy limit of the model to be affected by
the gauge field A : ΓG → Λ∗ which mixes the target space and internal lattice degrees of
freedom. This is because it appears in the cross terms d±mM of the background matrices and
it also effectively shifts the metric of T d asGmn → Gmn+ 14ALnALm. However, the definition
of classical spacetime in the noncommutative geometry formalism has effectively taken
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the extreme limit whereby the compactification radii are very large (Gmn ≫ ALnALm).
The low-energy regime emerges as the subspace whereby all internal gauge degrees of
freedom are suppressed and only the classical geometry of the torus T d is observable.
This is precisely what one would anticipate upon observing the string spacetime at very
large distance scales.
The quantum geometry of the manifold (37) comes about from the observation [5] that
the change in Dirac operator D/ ↔ D/ corresponds to a change of metric on the manifold,
so that, by general covariance, the two corresponding spectral triples are isomorphic,
(A,H, D/ ) ∼= (A,H, D/ ). There are several unitary transformations T : H → H which
implement this isomorphism by defining automorphisms of the vertex operator algebra
and mapping the two Dirac operators into one another as D/ T = T D/ . They can be
obtained by examining the web of isomorphisms between the subspace (31) and the 2d
subspaces in (27). We shall only sketch here how the duality group appears – the full
construction can be carried out as described in [5]. Let us first consider the completely
antichiral subspace of (27), H(−)0 = H(1)− ⊗ · · · ⊗ H(d)− , in which the spinor representation
is given by γ˜+m = −γ˜−m ≡ σ˜m and pm = 0 for all m = 1, . . . , d. Again we find from (28)
and (29) the vanishing (32) of internal gauge degrees of freedom. Let Π
(−)
0 : H → H(−)0
be the corresponding orthogonal projection, and define A(−)0 = Π(−)0 (EndD/ A) Π(−)0 . Then
proceeding just as above, we find that the corresponding low-energy projection of the
spectral triple (A,H, D/ ) is given by
(
A(−)0 , H(−)0 , D/ Π(−)0
) ∼= (C∞(T d∗ ,C) , L2(T d∗ , S˜−) , i ∂˜/) (38)
where
i ∂˜/ = −i σ˜m ⊗ ∂∂x∗m (39)
and x∗m =
1√
2
G˜mn(x
n
+− xn−) ∈ T d∗ with G˜mn = (G+B)mlGlp (G−B)pn the metric on the
dual torus T d∗ . Here S˜
− → T d∗ is the spin bundle induced by the projection onto H(−)0 .
Again we recover an ordinary classical spacetime geometry with all internal gauge degrees
of freedom completely suppressed.
The key point is that the quantum mapping which identifies the distinct classical
spacetimes (37) and (38) is achieved as an inner automorphism of the entire noncommu-
tative geometry (A,H, D). Only after the isomorphism is carried out in the full spectral
triple are the projected low-energy subspaces identified. In the present case, the transfor-
mation T : H → H is the T -duality transformation of the heterotic string spacetime which
can be read off from the analysis of [5] and is given via multiplication of the operators of
A and elements of H by the background matrices d±. It can be readily shown to be given
by
T γ±m T
−1 = Gln
(
G∓B ± 1
4
AL ⊗ AL
)
ml
γ±n (40)
T γM T
−1 ≡ γM mod SL(8k,Z) (41)
8
T α
(+)m
k T
−1 =
(
G+ 1
4
AL ⊗ AL
)
nl
[
(G−B)−1
]mn
α
(+)l
k (42)
T α
(−)m
k T
−1 = −
{(
G+ 1
4
AL ⊗ AL
)
nl
[
(G+B)−1
]mn − 1
2
(
AL ⊗AL
)m
l
}
α
(−)l
k
(43)
T α
(+)M
k T
−1 ≡ α(+)Mk mod SL(8k,Z) (44)
The transformations (41) and (44) are defined up to multiplication by an element of
the mapping class group SL(8k,Z) of the self-dual lattice ΓG . The isomorphism defined
by (40)–(44) can be interpreted in the usual way [1, 11] in terms of the background
fields of the string sigma-model and are equivalent to inversion d± → (d±)−1 of the
background matrices. Given the extra transformations induced by the internal subspace
Hint (i.e. by the conditions (28)), the full duality group generated by all mappings amongst
the subspaces of the kernels of the Dirac operators as described in [5] is isomorphic to
O(d + 8k, d,Z). This is the isometry group of the projected Narain lattice Π−ΛN which
is the subgroup of the isometry group O(d + 8k, d + 8k,Z) of (1) that preserves the
heterotic structure of the background matrices. Following [5, 7] one can construct the
explicit operators T which implement the quantum geometry as inner automorphisms of
the vertex operator algebra A. In particular, as mentioned before, the automorphism
group of the spectral triple in this way naturally encodes a representation of the affine
gauge symmetry associated with the internal Lie group G.
We have therefore seen that although the quantum geometry of the heterotic space-
time is determined by the duality group O(d + 8k, d,Z) associated with the toroidal
background T d×T d∗ ×T 8k, the extra 8k dimensional left-moving gauge degrees of freedom
are unobservable in the low-energy mappings between the kernels (26) and (27), leaving
the same classical toroidal spectral triples as in the case of an ordinary bosonic string
spacetime [5]. On the other hand, in the full noncommutative spacetime, whereby the
strings oscillate with very high energies αk ≫ 1, the internal gauge degrees of freedom are
an intrinsic ingredient of the quantum geometry. Thus at some distance scale, the gauge
degrees of freedom are excited and appear in the spacetime by what can be thought of
as a Kaluza-Klein mechanism. The interpolation between different spectral triples gives
an exact equivalence between various physical theories built on different compactification
lattices. It turns out that the internal modes come into play in the tachyon sector which is
the smallest perturbation of the classical spacetime whereby the center of mass modes of
the string oscillate with a winding number w 6= 0, but whose higher vibrational modes are
still turned off. The tachyon subalgebra of A is in turn related to a particular embedding
of a noncommutative torus into the lattice vertex operator algebra which can be thought
of as the intermediate structure separating the classical spacetime from the full-blown
noncommutative geometry. It is here that one sees explicitly the appearance of the gauge
fields and how they vanish at very low energies. We shall now describe how this works.
The operator products among pairs of the fields (15) and (16) can be worked out
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straightforwardly and one finds
Vq+q−(z+, z−) Vr+r−(w+, w−) = (z+ − w+)〈P{q
+
m} ,P{r+n }〉 (z− − w−)〈P{q
−
m} ,P{r−n }〉
× ◦◦ Vq+q−(z+, z−) Vr+r−(w+, w−) ◦◦ (45)
EK(z+)EK ′(w+) = (z+ − w+)KM g
MN K ′
N ◦
◦ EK(z+)EK ′(w+)
◦
◦ (46)
EK+(z+) Vq+q−(w+, w−) = (z+ − w+)〈P{q
+
m} ,P{K+M}〉
× ◦◦ EK+(z+) Vq+q−(w+, w−) ◦◦ (47)
Interchanging the orders of the operators in these relations leads to cocycle relations
which can be mapped onto the defining relations of a noncommutative torus [2]. The
construction is described explicitly in [8]. In the present case, we find for the tachyon
subalgebra
A0 ≡ Π0AΠ0 ∼= Π−
(
(Td+8kθ )+ × (Td+8kθ )−
)
(48)
where Π0 is the orthogonal projection onto the L
2-subspaces of zero modes in (14), and
(Td+8kθ )± are isomorphic copies of the noncommutative torus T
d+8k
θ ≡ (T d × T 8k)θ which
are together associated with the full Narain lattice (1). The deformation parameter is
the antisymmetric matrix θµν which is determined by the metrics of the bilinear forms
appearing in the induced phases in (45)–(47). Explicitly, we find that
θµν =


Gmn sgn(n−m) , µ, ν = m,n, m 6= n(
G+ 1
4
Al ⊗Al
)MN
sgn(N −M) , µ, ν = M,N, M 6= N
−1
2
AmN sgn(N −m) , µ, ν = m,N
0 , µ = ν
(49)
The deformed product of two projected vertex operators V0 = Π0 V Π0 andW0 = Π0W Π0
is given by
V0 ⋆θW0 = Π0 (V W) Π0 (50)
so that the vertex operator algebra gives a natural way to deform the algebra of functions
on the torus T d × T 8k.
One sees therefore that at the level of the noncommutative torus Td+8kθ , the internal
lattice and gauge degrees of freedom give a non-trivial mixing between the target space
and the internal space of the strings. From (4) it follows that at distance scales of the order
of Gmn ≫ ALmALn, GMN , we recover the usual quantum deformation of the spacetime T d
determined by the metric Gmn with all gauge degrees of freedom suppressed. At very
large distances Gmn →∞, we recover the ordinary classical spacetimes described above.
On the other hand, at very short distance scales where Gmn ≪ ALmALn, GMN , we obtain
a deformation of T d × T 8k determined entirely by the isospin degrees of freedom. This
shows explicitly that at very short distances the usual target space Riemannian geometry
is deteriorated and distances in the spacetime are measured in terms of the internal
noncommutative geometry. Thus the gauge field degrees of freedom control features
of general relativity at the Planck scale. We will now use this relationship with the
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noncommutative torus to analyse some more quantitative aspects of the gauge induced
Planck scale geometry. For ease of notation we shall henceforth assume that d is even.
The most natural way to study the effects of the isospin degrees of freedom is to
consider a gauge bundle over the tachyon sector of the noncommutative spacetime. We
shall therefore introduce a finitely-generated projective A0-module Eθ → Td+8kθ over the
noncommutative torus associated with the left-moving sector of the theory. It can be
characterized as follows. Consider the Lie algebra Lθ of linear derivations of A0 and the
corresponding Grassmann algebra Λ(L∗θ) over its dual vector space. Using the lattice
Π−ΛN ⊂ L∗θ we may define the integral part Λ(Π−ΛN) of this Grassmann algebra which
inherits a natural Z2-grading Λ(Π
−ΛN) = Λ+(Π−ΛN)⊕Λ−(Π−ΛN) from the decomposition
of Λ(L∗θ) into its Grassmann even and odd degree components Λ±(L∗θ), respectively. The
module Eθ may then be identified with an element of the K-theory group K0(A0) ∼=
Λ+(Π−ΛN). More precisely, Eθ is identified with its representative µ(Eθ) ∈ K+0 (A0) which
lives in the positive cone ofK0(A0) and is considered as an element of the Grassmann-even
integer cyclic cohomology ring H+(Td+8kθ ,Z).
The Chern character of the gauge bundle may then be represented as [16]
ch(Eθ) = exp(θ)¬µ(Eθ) ∈ H+(Td+8kθ ,R) (51)
where ¬ denotes interior multiplication and here the antisymmetric matrix θ is considered
as a bivector over the Grassmann algebra. Let λµ be a basis of L∗θ. Then the bundle Eθ
can be characterized by a set of integers N , M and Kµ1...µ2k defined by the expansion of
its K-theory representative with respect to this basis,
µ(Eθ) = N +
1
2
(d+8k−2)∑
i=1
Kµ1...µ2i
(2i)!
λµ1 ∧ · · · ∧ λµ2i +M λ1 ∧ · · · ∧ λd+8k (52)
The corresponding expansion of (51) then defines the Chern characteristic classes and the
rank of the A0-module Eθ as
ch(Eθ) ≡ dim Eθ+
1
2
(d+8k−2)∑
i=1
ch(i)(Eθ)µ1...µ2i
(2i)!
λµ1∧· · ·∧λµ2i+ch(d+8k)(Eθ) λ1∧· · ·∧λd+8k (53)
After some algebra, we find from (49) and (51) the components
dim Eθ = N +
1
2
(d+8k−2)∑
i=1
Kµ1...µ2i
(2i)!
θµ1µ2 · · · θµ2i−1µ2i +M detGmn detGMN
(54)
ch(i)(Eθ)µ1...µ2i = Kµ1...µ2i +M
(
∗ θ∧i
)
µ1...µ2i
+
1
2
(d+8k−2)∑
j=i+1
[(2i)!]2
(2j)!
Kµ1...µ2i[ν1...ν2j−2i θν1ν2 · · · θ ν2j−2i−1ν2j−2i] (55)
ch(d+8k)(Eθ) = M (56)
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where ∗ θ∧i is the usual Hodge dual defined by viewing θ as a bivector on the Grassmann
algebra.. The integers N , K andM represent the Chern classes of the undeformed torus
T d+8k. We see therefore that the Chern number M of the space is unchanged by the
deformation, but the gauge group rank Nθ = dim Eθ and the zero modes of the invariant
curvature operators (F (0)∧i)µ1...µ2i are shifted by quantities which depend on both the
short-distance spacetime metrics and the internal gauge degrees of freedom. At very
short-distance scales there is therefore a mixing between the various integers labelling the
winding of gauge field configurations around cycles of the torus.
To get an idea of what this mixing means more precisely, let us consider a specific
vector bundle over the ordinary torus T d+8k whereby only the rank 2 curvature integers
Kµν are non-vanishing. Then the number of colours and the field strength zero modes are
modified by the deformation according to
Nθ = N +
∑
m<n
KmnGmn +
∑
M<N
KMN
(
G+ 1
4
Al ⊗ Al
)MN − 1
2
KmN AmN
+M detGmn detGMN (57)
F (0)µν = Kµν +
2M
(d+ 8k − 2)! ǫµνν1...νd+8k−2 θ
ν1ν2 · · · θνd+8k−3νd+8k−2 (58)
where ǫ is the antisymmetric tensor. Even at very long wavelengths Gmn → 0, the colour
rank and field strength modes are altered by the isospin degrees of freedom. In the extreme
classical regime whereby only external target space field modes are excited, i.e. only Kmn
are non-vanishing, the number of colours remains N but the classical curvatures F (0)mn of
T d are shifted and moreover extra internal gauge degrees of freedom F
(0)
mN and F
(0)
MN are
induced by the internal gauge fields A : ΓG → Λ∗. This is the essence of the Kaluza-Klein
mechanism, which mixes non-trivially the effective target space cycles.
What this all means is that the quantum numbers labelling gauge degrees of freedom
depend crucially on the distance scales on which they are observed. The colour number
Nθ depends explicitly on the volume form and topology of the target space and also on the
internal gauge degrees of freedom. This feature arises because in the tachyon sector of the
noncommutative spacetime the gauge degrees of freedom need to be regarded as elements
of K-theory, which thereby produces a non-trivial mixing between internal and target
space modes leading to a Kaluza-Klein inducing of intrinsic gauge fields. This is consistent
with the fact that the lattice vertex operator algebra associated with Π−ΛN naturally
contains a non-trivial projective representation of the homotopy group π0(ΩT
8k) ∼= ΓG ,
where ΩT 8k is the loop space of maps S1 → T 8k corresponding to the internal space.
The two-cocycles (20) of this projective representation lead explicitly to the shifts such
as (57) in the charges of objects which couple to gauge field excitations. The relevance of
loop space geometry for such noncommutative spaces is discussed in [13].5 Here we find
5Note that the smeared vertex operator algebra can be regarded as a quantized algebra of
functions on Ω(T d × T d∗ × T 8k).
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that it completely determines the nature of the gauge sector of physical theories which
are constructed in the heterotic spacetime.
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